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<Uscivcd 28 IBazmbcr 1976) 

A method is presented for prcdrctin s both vapor-liquid and liquid--liquid 
equibbria for multicomponent mixtures using heat of mixing data for the constituent 
binary pain together with pure component vapor pressures. Its applicatjon to two 
highIy non-ideal hydrocarbon ternary systems is discussed. The parameters; of the 
hybrid local com~sition model of Renon and Prausnitz, known as the NRTL 
equation, were evaluated from heat of mixmg data for the three binary pairs in each 
of the two ternary systems, The parameters thus obtained were used in the multi- 
component form of the NRTLequation to predict the ternary vapor-liquid cquiiibrium 
data for the completely miscrble system cyclohexane( 1 F_n-heptanu(Z)-toluene(S) and 
for the pztrtially miscible system acctnnitrilc( 1 )-ben~enc(2)-n=heptane(3) without the 
need for any ternary or higher order parameters. 

This method predicted compositions of the single phase region of the partially 
mixible ttrnury system with 8 standard deviation of 10°/& It also predicted composi- 
tions for the fully miscible system with a standard devration of 4_6%_ Total pressure 
curves for the partially miscrble and miscible ternartcs were prcdictcd with ~tan&irrd 
deviations of 6.6% and 4.5% respectively_ Poor predictions of the binodal curve for 
the partially miscible rcson were obtained. The method offers a means of predicting 
the whole ranSe of ternary phase equilibria for miscible systems. 

Actcurate vapor- liquid equiIib~um (WE) data are vital to the successful 
operation of a wide variety of separation proc~~z. Goall expcrimcntal multicompo- 
nent phase ~uilibrium data are rather difficult and time consuming to obtain and 
require skillful techniques and experience. The difficulty of direct VLE meaciurements 
increases with the number of constituents prcscnt in a given liquid mixture. This 
provides an incentive to calculate VLE data by theoretical means using only pure 

’ Contribution No. 103 from the Thamochemil ImtiIute of Brigham Young Univuky, Provo, 
UC&. USA. 



component data_ No grnerally valid theoretical liquid model exists which will permit 
this to TX doac, and one has to rely on a mmbination of experimental data and a semi- 
theoreticat model to predict the properties of ruixtureS_ 

Conventional methods used for pzedkting binary as well as multicomponcnt 
vapor-liquid equilibria and heat of mixing for iiquid mixtures involve fitting the binary 
VLE data to an arbitsariiy chosen thermodynamic model to determine empirical 
constantr These in turn give expressions for the cxa~ Gibbs free energy, gE, from 
which tiquid phase activity coefiicicnts may be derivcdl- ‘_ The heat of mixing, hiE, is 

obtaiaed from the fret energy expression by differentiation as indicated by eqn (l)- 

A disadvantage inherent in the above procedure is that it requires very accurate 
x-y data to produce good gE data, and the expression for gE must be differentiated 
xo produce hE values Poor hE vaJues usuaI!y result ~~GUISC of a substant.iaI Ioss of 
accuracy in the diffkrentiation process- Hanks et aL3 have described a method in 
which this proays is reversed_ The procedure consists of the followings (I) Choosing 
an algebraic expression for gE and differentiating it as indicated by eqn (1) to get 
an zdgebraic cxprc&on for ibE; (2) fitting the resulting fiE equation to experimental hE 
&ta, and evahating the constants in the equation; and (3) using these constants in 
the original gE exptession to calculate the ac5vity coe&ients and the corresponding 
x-y data The merits of this method are: (1) Only heat of mixing data together with 
pure component vapor pressures are necessary to pdict vapor-liquid equilibrium 

data accurately; (2) the effect of random experimental errors in the heat of mixing 
d.zxta on the prediction of vapor-liquid equilibria arc reduced due to the error smoothing 

&aracte&tic of the integration process; and (3) the method, when coupled with 
techniques for the rapid and a-rate measurement of heat of mixing data, has 
considerable practical potential for the prediction of VLE data. Gupta4 has used 

f5~u.r different types of composition dependent excess Gibbs energy equations to 
predict binary VLE data using only binary hE data_ His results indicate that, for 
soIutiom which show smafi deviation from ideaIit.y, a regular solution model can 

sufkiently represent the gE data- For solutions which have appreciable polarity 
&/or hydrogen bonding efikts present, a chemical type model should be used. For 

soh~tions which have large deviations from ideaSty* a hydrid I<lcal composition type 
model works best. 

In this study, the method described by Hanks et al.“, is extended to allow the 
prediction of the behavior of ternary mixtures- This paper contains a description of 

the prediction schanc, and the rcsuk obtained for two ternary mixtures and the three 
binasy systems comprising each ternary- 

‘The local composition model of Rcnon-Prausnjtz’ is used with heat of mixing 
data to predict binary and ternary vapor-liquid equiliiria, as weH as the binodzd 



distribution cute for the two liquid phase region of a partMy miscible ternary 
DliXtUte, 

Binmy mixrures 
Renon and Prausni& applied the Wilson focal compasitkm concept to Scott’s 

two liquid theory and obtained the following equation, kuown as the NRTL equation, 
for excess free energy: 

where Tij = @ii - gjiW’K Glj = exp(--a+ and *Iz+ @I2 - 9A @I2 - 922) 
are three adjustable parameters-Theequations for the liquid phaseactivity coeflkients, 
y;, derived from eqn (2), are 

(4) 

The following expression for hE can be derived from eqns (I ) and (2) if the parameters 
in eqn (2) i~re assumed to be independent of temperature: 

Equation (5) together with heat of mixing data can be used to evaluate the numerical 
values of the three parameters- 

Renon and Prausnitz suzest that the a parameter, which is a non-randomness 
parameter, may be fixed according to solution type. In this study, two approaches 
were llsed to evakate the parameters from heat of mixing data- In the first, a was 
assumed to be equal to 0.3 as recommended by Renon and Prausnitz In the second, n 
tog@her with the other two parameters, was evaluated from the data. Subsequently, 
io this paper the NRTL equation is defined as a 3-parameter equation when the vaIue 
of cz is not fixed, and as a 2-parameter equation when 3~ is tied according to solution 
type. A computer program based on PowelIs’s6= ’ non-gradient technique of mini- 
mizing a function using the concept of conjugate directions has been developed to 
determine the numerical vah~es of the parameters- The function minim&d is Sf as 
decked in Table I_ Once the parameters have been evaluated gE dara and activity 
coefficients of the liquid phase can be calculated from eqns (2X4)_ The activity 
cxxdiitiicnts coupled with pure component vapor pressure data, Pr, can be used to 
calculate the x-y distribution from eqn (6) (assuming ideat vapor phase behavior) 
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The NRTL equation can be extended’* ’ to mukicomponent mixtures without 
incorporating any additional or higher order interaction parameters- gE and lnyc 
can he computed from the following expressions: 

E%pations (7) and (8) involve nine parameters which can be determined from the 
three binary SysrcmS comprising the ternary- Assuming ideal vapor phase behavior, 
the x-y distribution can bc ca.kuIated from the expression: 

The validity of ideal vapor phase behavior assumption is sufficient for most muiti- 
component VLE cakulations, 

Some researchers* have suggest& that correction for vapor phase non-ideafity 
improves the vapor-liquid equihbrium prediction. Such a correction may be in- 
c~rporated into the theory as follows, The basic relationship between yr and X, for 
the general case of non-ideal vapor and liquid phases is given by eqn (IO) which 
reduces to cqn (6) for the case of ideai vapor behavior. 

Yi = pJjoL' exp (E:_PIRT)/&P W) 

In this expression ipi is the vapor phase fugacity coefficient which accounts for non- 
ideal gas hehavior_flor-~ is the fugacity of Iiquid i in the standard state, i$ is the partial 
molar liquid volume and P is the totatl pressure, The partial molar liquid volume 5: 
is usually taken to be equal to the pure liquid molar volume z$. The vapor fugacity 
co&c&t is expe by the virial equation truncated at&r the second term as 

where the Bii arc the titial coefkients (see Table 2). and o is the molar volume of the 
gas mixture which is related to the viriztl co&cient by 



I61 

The fugacity of the pure liquid corrected to zero pressure is given by 

f FL = &Eexp(- &P;;lRT) (13) 

where & is the fugacity coefficient of pure vapor i at temperature T and saturation 
pressure e_ If e is well below the critical pressure Pci, e can be calculated from the 
virial equation 

In 4’ = (2/273& - In z: 

where 2: is cakuiated from eqn (IS) 

(14) 

~ = Pf~~RT= 1 + Bide 

where X$ is the saturated molar volume of pure vapor i_ 

(15) 

Virial coefficients are available from the Iiterature, or they may be estimated 

from a correiation based on the three-parameter theory of corresponding states 
treatment of Pitzer and CuriQ. Liquid molar volumes are available from the literature- 
ViriaI coefficients and liquid molar volumes used in this study are given in Table 2, 

LiquicMquid equiiihia 
The concept of equal chemical potential when tu3 phases are in equilibrium 

at a given temperature and pressure is utihzed to calculate the solubility envelope 
exhibited by the two liquid phases in a partially miscible ternary mixture. Mutual 
solubility can be calculated if activity coefficients arc available. In this study, the 
activity coefficients were determined from the NRTL equation, and the following 
equations were solved simultaneousIy to determine the solubihty curve: 

y;x; = y;x; (16) 

y;x; = y;x: 

y;x; = ygx; 

x; f x; -I- xi = 1 

x; i- x; -I- x; = 1 

(17) 

(18) 

(19) 

where yi = f (x;. x;, x;) and y; = f (xfl, x;, x;) 

A computer program using the method of steepest descent has been developed to 

handle the iteration process invoIved in solving eqns (I 6)-(20)_ 

TabIe I contains a summary for the sources of x-y and hE data of the six binary 
and two ternary systems investigated in this study, For systems 2 aud 5, two different 
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sets of hE are available in the iiterature. For the n-heptane-toluene binary (system 2) 
there is a significant difference between the data of Schnaiblell and those of Lund- 
berg? There is much Iess deviation between the data of Palmer and Smithx3 and 
those of Brown and Smith’4 for the acetonitrile-benzene binary (system 5). Each of 
these sets of data were examined separately to test the sensitivity of the method to 
variability in the hE data used. The data giving the best predicted hE values were used 

in the final correlation. Table 1 also sue the values of the various parameters 
determinai from the heat of mixing data and eqn (5) for each binary system studied_ 
Also included is a listing of statistical measures of the agreement betwefzncxperimeutaI 
heat of mixing and VLE data and those calculated from the NRTLequation. A typical 
set of results for the binary system cyclohexane-n-heptane is shown in Fig. I_ 

Table 2 lists all the parameters used in the ternary VIE cakulations. This 
includes the parameters determined from the six binary systems and the parameters 
used to calculate the correction for vapor phase non-ideaiity for the two ternary 
systems. TabIe 3 shows a comparison of the standard per cent deviation between the 

0.6 

'I 

O-4 O-6 

'1 

FigL 1, timlparison OF cakdatd and cxpa-ima~tai data for tbc cydobcxane (ltbeptanc(2) systan 
at 2!?C 
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TABLE 3 

COMPARISON OF VAPOR PHASE UOLE FYACHOXS -n-An FROH EQN (8) EASED ON IDEAL ATSD x0x-. 

lDEALVAPORYHASEBEHhVIORFVRlHETWOTERNARY -zFr?JDlED 

ideal 
non-ideal 
ideal 
non-ideal 
ideal 
non-ideal 
ideal 
non-ideal 

ideal 75 13.0 17.6 
non-ideal 7-6 9.3 24.6 
ideal 75 129 I85 
mm-ideal 79 9-4 24.9 
id&al 9.7 16.4 9.3 
mm-id& 6-9 13.7 102 
ideal 10-6 15.8 IO.7 
non-ideal 7_2 13.4 9.4 

9.8 9.4 
9-o 11-S 
88 124 
6.0 I22 
62 124 
3.6 3.8 
28 4.8 

199 13-O 
21.4 13.6 
21.3 14-O 
228 14-7 
172 II-8 
18.7 lL4 
5.2 4.2 
6.3 4-6 

IL7 
13.8 
13.0 
ICI 
11.8 
IO_2 
I23 
10.0 

s Systan 4 consists of cycIohaanc+-heptane-toIuax; System 8 amGsts of aatonitrik-bmzne- 
II-lqtane b Set Table 2 for vahxcs of pammeters used in cqn (8). c Saz Table 1 for definition of as. 

experimental and catcuiated vapor phase mole fractions for each of the ternary 
systems studied for both the cases of ideal and non-ideal vapor phase behavior_ 
Typic;al ~&~lati~ns’ comparing calcutated and experimental vapor-Iiquid equilib- 

rium data for the two @nary systems are given in Tabks 4 and 5. The results shown 
represent the CalcuIations giving the best agreement between calculated and experi- 

mental x-y data for the various combinations of parameters (see Table 2) used in 
eqn (8)_ Table 6 gives a comparison of the cahdated and experimental total pressure 
of the two ternary systems, Figure 2 shows the agreement obtained in the partially 
misciiie re@on between the cakuIated and experimentai binodaI distribution curve 
for the acetonitrik-benzene-n-heptane system. OnIy one caIcuIated curve is reported 
in Fig 2 (parameters used are found in Table 2-System 8, Caiculation a)_ However, 
calculations* based on other combinations of parameters listed in Table 2 resulted 
in essentially the same vaiues as those shown in Figure 2. 

* Sktaikd tabuhtions of dl data used and results obtzined arc availabk upon request. 



T&e quantity Sf Iisted and defined in Table 1 is a statistical measure of the 
varknce of the fit of the theoreticaI m0deI to the data, CaIcuIated hE values were 
generated from eqn (5) using constants determined from experimentaI hE data. The 
goodness of fit between dalated and @mental hE Values is not a good criterion 
as to whether tk constants when used in eqns (3) and (4) will predict VLE data 
which agree weI with experimentaI values_ This is more clearly reveakd by the v, 
vahus reported in Table I_ The qpantity 0; is the percent standard deviation of the 
caIcuIataI fit of the VLE data and is defined in TabIe I_ It is evident that there is no 
reIationship between the values of Sf and err An examination of the vaIues of up 
for system 2 {a, = 15-5 and cr, = 7-8) and for system 5 ((r, = 7-4 and b; = 33), 
shows the marked effkct of using difkent sets of liE data on the aazracy of the VLE 
p&ktiOR_ 

Two o*bservations may be made from the resufts reported in Tables 2 and 3, 
First, it is observed for ternary ca.IcuIations that the Sparameter version of the NRTL 
equation consistently gives a better M of the data than does the 2-parameter version_ 
SecondIy, because the ternary system cyciohexane-n-heptane-toane-tolutne shows small 
deviations from id&l vapor phase behavior, cOrrections for vapor-phase non-ideality 
do not sigoificantiy improve the cakuIations_ Howc~cr, for the ternary system acc- 
toniP;tobemunt-aacp~ptanc, which is a highly non-ideal hydrocarbon system, de&& 
improvement in the data fit is attained when &e vapor phase non-ideztIity correction 
is appIicd Improvements of as much as 20% were obtained_ 
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1 OJOIO 

2 O.fOO9 

3 OJVOI 

4 omo3 

5 0.1007 

6 02499 

7 03510 

8 0_25# 

9 03510 

10 0.3335 

II v.*9s 

12 0.4502 

13 Ojool 

I4 O&502 

15 v&z93 

16 0.7992 

O.V561 

0.0610 

0.0646 

0.0671 

OAK69 

0.0137 

O_V738 

OB775 

0_0781 

osB17 

vmw 

0.0949 

0.0960 

OJO93 

O.IV77 

OJ171 

0.0598 

0_0637 

OB671 

o&693 

O.V700 

O-0771 

0.0793 

O_OS21 

o_V831 

0.0877 

VSRZ? 

0.0978 

0_1VOl 

a1093 

0.1100 

0.1178 

1 
2 
3 
4 

(: 

;: 
9 
10 
II 
I2 
I3 
14 
15 
16 
17 
18 
I9 
20 
21 
22 
23 
24 
25 
26 
27 
28 
W 
30 
31 
32 
33 

0.0827 0.3705 0.4524 
0.0686 0.3567 0x39 
O_O297 03115 02877 
0.14EO 03557 0_33Vs 
OS69 03486 03392 
0_8V18 O-3772 O-3658 
0.7427 03757 03597 
0.6497 03732 03592 
OS710 0.3754 0.3590 
0.4733 0_3734 03576 
0.4615 O-3791 C-3621 
O-4393 03887 OX&JO 
03974 0_3962 0_3794 
0_3527 OAVIf 0.3898 
O-0746 0353V OX90 
OX345 0,3663 0.3322 
02684 0.3882 0.3601 
03470 03961 03587 
0.4020 0.3997 0.3728 
05212 0_4OfS 0.3783 
0.6921 V&00 VP3796 
0.1177 O-3887 03963 
OZV2 0_4166 0.4277 
0_379V 0.4167 0.4246 
0.4282 0_4I80 O-4232 
0_4779 0_4V78 0.4007 
a6093 0_4Ioo 0_4081 
OS622 0_34VO O-3136 
O_fa?3 0.3591 OS413 
02648 0.3970 03876 
0.3704 VAW5 0.3955 
0295s O-4163 O-4536 
0_489X 0.4159 0.4215 

Smdard deviation, G= 45% 6-67;; 

The present prediction scheme can also be used to calculate the total pressure 
of the system without resorting to actual experimental measurement_ The results of 
this type of calculation are tabulated in Table 6 and indicate q&e acceptabre agree- 
ment wit& the experimental data. 

Figure 2 illustrates the limitation of the method in prediakg the soh8b1Xty 



cnvciope of the partMy misciWe ternary ~!2Uure. Apparently the NRTL equation 
d&s not possess sufkknt generality to descrii both ihe miscible and immiscii~e 
regions using parameters obtained ficm the miscible region. These results are con- 
sistent with the observation made by l&non and Prausnitzj in their study that the 

pazameters obtaiued from x-y analysis of misciile regions cannot be used to predict 

IiquicHiquid phase cquiIr%rium data auxately for the immiscible region. Solubility 
data are very sensitive to the parameters used and a more accurate excess function 
model is required if they are to be predicted successfuIIy_ 

This study shows that the multicomponent NRTL equation using parameters 
obtained from binary heat of mixing data can be used to cakulate ternary VLE data 
without the need for any higher order or additional parameters. Better predictions 
of VLE data arc obtained using the three-parameter version of the NRTL equation 
than the two-parameter version for both binary and ternary cakuIations_ 

In most cases agreement between cabdated and experimental equilibrium data 

is within H&15% and in some cases i-5%. 
This technique ofkrs a new method for cahhting muR.icomponent VLE data 

without resorting to actual measurement of these data. 
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